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a b s t r a c t
This paper proposes a statistical method to obtain the value of pi from empirical economic
and financial data. It is the first study ever to link pi to human behavior. It is shown that
virtually any economic time series, such as stock indices, exchange rates and the GDP data
can be used to retrieve the value of pi.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The quest for pi has a long history.1 The fact that the ratio of a circle’s circumference to its diameter is a constant has
long been known. The ratio first enters human consciousness in Egypt. The Egyptian Rhind Papyrus, dating back to 1650
B.C., provides good evidence that pi equals 4(8/9)2 ≈ 3.16. In the Bible, there are also records of the value of pi . The biblical
value2 of pi is 3. In ancient Greece, the first approximation of pi was obtained by Archimedes (287–212 B.C.), who showed
that 22371 < pi <
22
7 . In ancient China, the calculation of pi was documented in the 100 B.C. in Zhou Bi Suan Jing, one of
the oldest Chinese astronomical and mathematical treatises. It states that the circumference of a circle is about 3 times its
diameter. Heng Zhang (78–139) approximated pi by 9229 (≈ 3.1724) and
√
10 (= 3.1622). In around 263, Hui Liu calculated
pi to be 3.141024. Zu3 (429–500) showed that the value of pi lies between 3.1415926 and 3.1415927 [1,2]. Since Zu, the
calculation of pi made little progress for almost a millennium. During the past five centuries, the following attempts have
been made to obtain the value of pi :
pi = 2× 2√
2
× 2√
2+√2
× 2√
2+
√
2+√2
.......(Viète, 4 1593);
pi
2
= 2
1
× 2
3
× 4
3
× 4
5
× 6
5
× 6
7
× 8
7
× 8
9
.......(Wallis, 5 1650);
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1 The notation pi for the circumference-to-diameter ratio was first introduced in 1706 by William Jones (1675–1749) in his book ‘‘A New Introduction
to Mathematics’’, and was made popular by Leonard Euler (1707–1783). The number has remained as pi ever since.
2 A verse of the Bible reads: And he made a molten sea, ten cubits from the one brim to the other: it was round all about, and his height was five cubits: and a
line of thirty cubits did compass it about. (I Kings 7, 23)
3 Chongzhi Zu was the first to obtain the formula for the volume of a sphere. He developed the best calendar known to people at that time and was the
first one to calculate the time needed for the Earth to orbit the Sun as 365.24281481 days, which is correct up to 3 decimal places. Today, a volcano on the
moon is named after Zu in recognition of his contributions.
4 François Viète (1540–1603), a French mathematician.
5 John Wallis (1616–1703), a British mathematician.
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pi = 1− 1
3
+ 1
5
− 1
7
.......(Pascal, 6 1658);
pi
2
= 3
2
× 5
6
× 7
6
× 11
10
× 13
14
× 17
18
× 19
18
.......(Euler 7 [4])
and
pi '
[
92 + (19)
2
22
] 1
4
= 3.141592625826......(Ramanujan, 8 1914 [5]).
pi was shown to be an irrational number in 1767 by Lambert (1728–1777) [6]. It was proved to be a transcendental
number in 1882 by Lindermann (1852–1939) [7]. Buffon (1707–1788) [8] was the first to obtain pi via a random
experiment.9Since Buffon, more results in probability theory related to pi have been found.10
With the invention of computing machines, more precise values of pi could be calculated. In 1949, the US Army obtained
the value of pi up to 2035 decimal places. Borwein and Borwein (1988) [9] proposed the following algorithm for the
calculation of pi up to billions of decimal places:
Let
y0 =
√
2− 1, (1)
yn =
1− 4
√
1− y4n−1
1+ 4
√
1− y4n−1
, (2)
α0 = 6− 4
√
2, (3)
αn = (1+ yn)4 αn−1 − 22n+1yn
(
1+ yn + y2n
)
. (4)
One can show that 1
α3
is very close to pi and 1
α15
is identical to pi for more than two billion decimals.11 In 1994, the
Chudnovsky brothers obtained the value of pi up to 4 billion decimal places and Kanada and Takahashi calculated pi up to
206 billion decimal places in 1999. For more information on the computation of pi , one is referred to [10].12
In this paper, a new method to obtain the value of pi is proposed. The method is based on the covariance of the order
statistics of two independent normal random variables. The result is applied to retrieve pi from empirical economic and
financial data. We find good evidence that pi can be obtained from stock indices, exchange rates and national income
accounting data.
2. Obtaining pi from economic data
This section shows how to retrieve the value of pi from economic and financial data via an easily implemented
statistical technique. Economic and financial data contain information on aggregate economic behavior. For instance, the
movements of stock prices depend on the aggregate behavior of buyers and sellers. In a stock market where investors
take random buy/sell positions, the aggregate behavior will be governed by the Central Limit Theorem. This suggests,
theoretically, that the value of pi can be retrieved from the price data. To this end, we consider two random variables with
observations {Xt , Yt}Tt=1. We assume that the observations are jointly normally distributed and are independent of each
other, i.e.,(
Xt
Yt
)
∼ N
((
µx
µy
)
,
(
σ 2x 0
0 σ 2y
))
,
where Xi and Yj are independent for all i and j; Xi and Xj are independent for all i 6= j; Yi and Yj are independent for all i 6= j.
Let xt and yt be the sample standardization of the original bivariate series {Xt , Yt}Tt=1, i.e.,
6 Blaise Pascal (1623–1662), a French mathematician and physicist. The same result was also obtained independently by Nilakantha Somayaji
(1444–1544), James Gregory (1638–1675), and Gottfried Leibniz (1646–1746) [3].
7 Leonard Euler (1707–1783), a towering intellectual figure of the eighteenth century.
8 Srinivasa Ramanujan (1887–1920), an Indian mathematician.
9 Comte de Buffon (1707–1788), a French mathematician, showed that the chance for a pin to fall in between parallel lines separated by distance equal
to the length of the pin is 2
pi
.
10 For example, the probability that a number chosen at random from the set of natural numbers has no repeated prime divisors is 6
pi2
, and the probability
that two natural numbers written down at random are prime to each other is also 6
pi2
.
11 It only takes 39 decimal places of pi to compute the circumference of a circle with a deviation less than the radius of a hydrogen atom.
12 Other recent studies on pi include [11–19].
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xt = Xt − X
σ̂x
, (5)
yt = Yt − Y
σ̂y
, (6)
where X and Y are the sample means of Xt and Yt respectively, and
σ̂ 2x =
1
T − 1
T∑
t=1
(
Xt − X
)2
(7)
and
σ̂ 2y =
1
T − 1
T∑
t=1
(
Yt − Y
)2
(8)
are the unbiased estimators of σ 2x and σ
2
y respectively. Consider the following regression:
max {xt , yt} = α + βmin {xt , yt} + εt , (t = 1, . . . T ) . (9)
The OLS estimator of β is given by
β̂T =
T∑
t=1
(
max {xt , yt} −max {xt , yt}
) ((
min {xt , yt} −min {xt , yt}
))
T∑
t=1
(
min {xt , yt} −min {xt , yt}
)2 . (10)
Theorem 1. Let {xt , yt}Tt=1 be a sequence of bivariate independent standard normal random variables, then
β̂T + 1
β̂T
p→pi as T →∞.
Proof. See the Appendix. 
Theorem 1 demonstrates how to obtain the value of pi from the bivariate independent normally distributed random
variables. Since most economic time series are random walks [20], we are also interested in obtaining pi from a random-
walk model. Corollary 2 below states how to obtain the value of pi when there is only one variable of interest:
Corollary 2. Let yt be a random-walk serieswith independent N
(
0, σ 2
)
increments {wt}Tt=1. In the regression of max {wt−1, wt}
onmin {wt−1, wt} with an intercept, the slope estimator β̂T has the property that
β̂T + 1
β̂T
p→pi as T →∞.
The proof of Corollary 2 is analogous to that of Theorem 1 and is therefore skipped. Note that Corollary 2 is slightly
different from Theorem 1 in two ways. First, Theorem 1 is applied to a bivariate series while Corollary 2 only deals with
a univariate series. Second, Theorem 1 requires both variables to be standardized, while Corollary 2 does not require any
standardization.13
3. Simulations
Experiment 1a: This experiment verifies Theorem 1. Let {xt , yt}Tt=1 be bivariate independent N (0, 1) random variables.
We simulate14 the limiting behavior of β̂T+1
β̂T
. Samples of size from 10 to 10 millions are simulated to obtain the values of pi .
Table 1a shows the behavior of β̂T+1
β̂T
for various values of T .
Observe from Table 1a that the simulated values of p̂i are close to the true value of pi for T ≥ 100. A sample of size
T = 1000 is sufficient to obtain the value of pi up to one correct decimal place. However, the number of correct decimals
13 This is because the variance of the increment will not affect the estimation of the slope parameter in an autoregressive model.
14 All the simulations are done in a GAUSS program which is available from the author upon request.
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Table 1a
The values of p̂i
T 10 100 1000 10000 105 106 107
p̂i = β̂T+1
β̂T
2.6378 2.9517 3.0760 3.1717 3.1458 3.1456 3.1405
Table 1b
The values of p̂i
σ 2 T
10 100 1000 10000 105 106 107
.25 2.7925 3.5479 3.2259 3.1634 3.1571 3.1364 3.1429
1 3.8935 4.0574 3.0766 3.1491 3.1282 3.1442 3.1429
4 3.3706 3.0817 3.0769 3.1236 3.1476 3.1364 3.1404
Table 2
Estimating pi from the quarterly real GDP data
Quarterly real GDP Period T p̂i
USA 1960Q1–1983Q2 94 3.1469
UK 1979Q2–1998Q2 77 3.1617
Canada 1961Q1–1991Q1 121 3.1488
Japan 1960Q1–1972Q2 50 3.0891
Germany 1968Q4–2000Q2 127 3.1584
France 1980Q3–1992Q3 49 3.1514
Italy 1982Q4–1992Q4 41 3.1234
Australia 1960Q1–1998Q2 154 3.1347
Finland 1975Q1–1991Q1 65 3.1764
New Zealand 1991Q4–1999Q4 33 3.0976
is not linearly proportional to the size of the sample. A sample of size T = 100 000 generates a p̂i = 3.1458, which is not
much different from the p̂i generated from a sample of size T = 1000 000.
Experiment 1b: This experiment verifies Corollary 2. Let
yt = yt−1 + wt
be a random-walk series with independent increments {wt}Tt=1 following an N
(
0, σ 2
)
distribution. Consider the following
regression:
max {wt , wt−1} = α + βmin {wt , wt−1} + εt , (t = 1, . . . T ) . (11)
We simulate the limiting behavior of β̂T+1
β̂T
. Table 1b shows the behavior of β̂T+1
β̂T
for various values of T and σ 2.
Table 1b shows that the simulated p̂i are very close to the true value of pi for T ≥ 1000. Note also that the probability
limit of p̂i is not affected by the variance of the increments.
4. Empirical evidence
Now consider an empirical time series {yt}Tt=1. If the observations follow a random walk with independent normal
increments, then Corollary 2 can be applied, and one should be able to retrieve the value of pi from the following regression:
max {wt , wt−1} = α + βmin {wt , wt−1} + εt , (t = 1, . . . T ) ,
where
wt = yt − yt−1.
Our data for yt are the Quarterly GDP of seven industrial countries, nine major stock market indices and the exchange
rates of eight major currencies. The data are extracted from the OECD-Database in DataStream. Recall from Tables 1a and 1b
that, when T = 1000, the value of p̂i is approximately 2% deviated from the true value of pi . Thus, in an empirical study with
a sample size smaller than 1000, one should consider a 2% error acceptable. Table 2 reports the best value of p̂i generated
by the real quarterly GDP of the seven countries. Despite the limited number of observations for the quarterly GDP, one can
still obtain a very close estimate of pi from a sample of size below 200. In most cases, the deviations are less than 1%. Note
that the estimated value of pi for Japan is 3.089, while other western countries have an estimate much closer to pi . This may
imply the existence of disparities in the growth path between Asian and western countries.
Table 3 reports the best estimated values of pi based on the daily closing prices of nine major stock market indices. The
reported values of p̂i are correct up to 2 decimal places in most cases. In particular, the p̂i obtained from the FTSE 100 index
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Table 3
Estimating pi from the stock market indices
Stock market index Period T p̂i
DAX 100 10.28.91–8.29.95 1002 3.1420
CAC 40 12.18.91–10.16.97 1522 3.1458
FTSE 100 1.13.89–8.7.98 2496 3.1416
NIKKEI 225 7.19.90–4.29.93 726 3.1424
MILAN MIBTEL 8.6.93–3.13.98 1201 3.1562
Dow Jones industrial average 12.31.64–4.17.87 5817 3.1183
NASDAQ composite 2.17.71–10.8.87 4342 3.1542
Toronto SE300 composite 1.3.69–10.7.87 4894 3.2422
Hang Seng index 9.6.72–7.15.77 1268 3.1420
Table 4
Estimating pi from the exchange rates data
Exchange rate Period T p̂i
Canadian dollar 1.14.94–10.24.97 986 3.1462
French franc 1.13.98–8.1.00 666 3.2564
Italian lira 8.15.97–8.7.00 777 3.2364
Japanese yen 9.18.98–8.1.00 488 3.2791
Swiss franc 1.19.98–11.29.00 748 3.3138
Australian dollar 10.19.98–12.27.00 573 3.1418
New Zealand dollar 7.30.98–12.20.00 625 3.2602
Great British pound 1.26.83–12.27.00 4676 3.1645
is correct up to 4 decimal places. The value of p̂i for the case of Toronto SE300 Composite is not that close to pi . This may
be due to the relatively small size of the Canadian stock market as compared to those of other countries in our sample. A
small stock market is easily subject to manipulation. Thus, the movements of stock prices may not obey the Central Limit
Theorem. Table 4 reports the estimated values of pi based on the exchange rates of eight currencies. The sample sizes range
from a few hundreds to as many as four thousands. The values of p̂i in Table 4 are also fairly close to pi . The currency which
generates a number closest topi is the Australian dollar, with p̂i = 3.1418. Note that as compared to the values of p̂i obtained
from the stock market indices in Table 3, the values of p̂i obtained from exchange rates are less close to pi . This may be due
to the fact that exchange rates are sometimes adjusted by central banks, and that may cause p̂i to deviate from pi .
5. Conclusions
pi appears in the fields of Mathematics, Physics and other natural sciences. However, no study has ever attempted to link
the universal constant pi to human economic behavior. In this paper, a new method for obtaining the value of pi based on
the covariance of the order statistics of two independent normal random variables is proposed. The method is applied to
retrieve pi from economic and financial data. We find evidence that pi can be extracted from stock indices, exchange rates
and national income accounting data. The findings suggest that many economic time series are integrated of order one with
independent and normal increments. Another implication of the result is that a test for joint normality and independence
of two random variables can be developed by checking if the value of p̂i is close to pi or not. In principle, if the value of p̂i
is far away from pi , then the two variables involved are not independently normally distributed. From Corollary 2, one can
also test if a given time series process is a randomwalk with i.i.d. normal increments. Thus, a ‘‘pi-test’’ for independence and
normality will be an interesting and important future research topic.
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Appendix. Proof of Theorem 1
β̂T =
T∑
t=1
(
max {xt , yt} −max {xt , yt}
) ((
min {xt , yt} −min {xt , yt}
))
T∑
t=1
(
min {xt , yt} −min {xt , yt}
)2
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p→ Cov (max {X, Y } ,min {X, Y })
Var (min {X, Y })
= E (max {X, Y }min {X, Y })− E (max {X, Y }) E (min {X, Y })
E (min {X, Y })2 − E2 (min {X, Y }) ,
where X , Y are two independent N (0, 1) random variables. Since
E (max {X, Y }min {X, Y }) =
∫ ∞
−∞
∫ ∞
−∞
max {x, y}min {x, y} f (x, y) dxdy
=
∫ ∞
−∞
∫ y
−∞
yxf (x, y) dxdy+
∫ ∞
−∞
∫ ∞
y
xyf (x, y) dxdy
= E (XY ) = 0.
By the assumption of i.i.d., we have
FX (z) = FY (z) = F (z) ,
fX (z) = fY (z) = f (z) .
Fmax{X,Y } (z) = Pr (max {X, Y } < z) = FX (z) FY (z) = [F (z)]2 ,
fmax{X,Y } (z) = 2F (z) f (z) .
E (max {X, Y }) =
∫ ∞
−∞
zfmax{X,Y } (z) dz
=
∫ ∞
−∞
2zF (z) f (z) dz
= −
∫ ∞
−∞
2F (z) f ′ (z) dz use f ′ (z) = −zf (z)
= −2 [F (z) f (z)]∞−∞ + 2
∫ ∞
−∞
f (z)2 dz
= 2
∫ ∞
−∞
f (z)2 dz
= 2
∫ ∞
−∞
(
1
2pi
e−z
2
)
dz
= 1√
pi
.
Further, since
1− Fmin{X,Y } (z) = Pr (min {X, Y } > z) = (1− FX (z)) (1− FY (z)) = (1− F (z))2 ,
fmin{X,Y } (z) = 2 (1− F (z)) f (z) .
E (min {X, Y }) =
∫ ∞
−∞
zfmin{X,Y } (z) dz
= −
∫ ∞
−∞
2 (1− F (z)) f ′ (z) dz use f ′ (z) = −zf (z)
= −2 [(1− F (z)) f (z)]∞−∞ − 2
∫ ∞
−∞
f (z)2 dz
= −2
∫ ∞
−∞
(
1
2pi
e−z
2
)
dz
= − 1√
pi
.
Thus, we have
Cov (max {X, Y } ,min {X, Y }) = 1
pi
.
For the denominator, note that
E
(
min2 {X, Y }) = ∫ ∞
−∞
z2fmin{X,Y } (z) dz
= −
∫ ∞
−∞
2z (1− F (z)) f ′ (z) dz use f ′ (z) = −zf (z)
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= −2 [z (1− F (z)) f (z)]∞−∞ + 2
∫ ∞
−∞
[−zf (z)2 + (1− F (z)) f (z)] dz
= 0+ 2
∫ ∞
−∞
f (z) df (z)− 2
∫ ∞
−∞
(1− F (z)) d (1− F (z))
= 2
[
f (z)2
2
]∞
−∞
− 2
[
(1− F (z))2
2
]∞
−∞
= 1.
Thus, Var (min {X, Y }) = 1− 1
pi
, and
β̂T
p→ Cov (max {X, Y } ,min {X, Y })
Var (min {X, Y }) =
1
pi
1− 1
pi
= 1
pi − 1 ,
which implies
β̂T + 1
β̂T
→ pi. Q.E.D.
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